Abstract. In this paper we introduce a sequence of varying orthogonal polynomials related to a Laguerre weight where this absolutely continuous measure is perturbed by a sequence of nonnegative masses located at the origin. The main objective is to obtain asymptotic relations between the zeros of these polynomials and the zeros of the Bessel functions of the first kind (or linear combinations of them). This is done through Mehler-Heine type formulas. With these relations we can easily compute asymptotically the zeros of these polynomials. We show some numerical experiments.
Introduction
We call Krall polynomials those polynomials which are orthogonal with respect to a measure μ that we can describe as μ = μ ac + μ d , where μ ac is the absolutely continuous part and μ d = m i=1 M i δ ξ i is the discrete part with M i > 0 and δ a the Dirac delta function at the point a. In other words, we have an absolutely continuous measure perturbed by a finite sum of Dirac delta functions. A first approach to these orthogonal polynomials is due to H.L. Krall in [9] , where he tackles the problem of extending Bochner's characterization of classical orthogonal polynomials, and A.M. Krall, who in [8] obtains a few new families of nonclassical orthogonal polynomials. However, since the last quarter of the 20th century, more general situations have been considered and the literature on this topic has increased considerably. Nevai's text [10] is a nice reference when the measure μ has compact support. On the other hand, the approach considered in Gautschi's text [4] can be applied to obtain algebraic properties of these polynomials and to compute them (see also [5] ).
We obtain a special case of the Krall polynomials considering the absolutely continuous part as the classical Laguerre weight function on [0, ∞), i.e., μ ac = 1 Γ(α+1) x α e −x , α > −1, and the discrete part formed by a single mass located at the origin. Thus, the corresponding inner product can be written as
The orthogonal polynomials with respect to the inner product (1.1) are the so-called Laguerre-Krall polynomials, although sometimes they are also called LaguerreKoekoek polynomials because they were studied extensively by R. Koekoek in his doctoral dissertation [6] . The Mehler-Heine type asymptotic formula for these polynomials was obtained in [3] together with other asymptotic results which have been extended very recently to Sobolev type orthogonal polynomials [2] . Denoting L
uniformly on compact subsets of C, where J α is the Bessel function of the first kind given by
This local asymptotic behaviour around the origin allows us to describe the asymptotics of the smallest zeros of the polynomials L (α,M ) n (x). In fact, denoting by s n,i the zeros of L (α,M ) n (x) ordered as 0 < s n,1 < s n,2 < . . . < s n,n and by j α,i the positive zeros of J α ordered as 0 < j α,1 < j α,2 < . . . , and applying Hurwitz's Theorem in a straightforward way, we can deduce that (see [3] )
We observe that there is an important difference between the asymptotic behaviour of the zeros of the Laguerre-Krall polynomials and of the zeros of the Laguerre polynomials. Indeed, if we denote by x n,i the zeros of the classical Laguerre polynomials L (α)
n (x) ordered as 0 < x n,1 < x n,2 < . . . < x n,n , it is well known that as a direct consequence of Theorem 8.1.3 in [11, p. 193 ], we have
Therefore, adding a mass at the point 0 produces an acceleration in the convergence to 0 of the first zero of Laguerre-Krall polynomials, and the other scaled zeros converge to the positive zeros of a Bessel function whose order has increased by two units.
One may ask what happens if one considers a sequence of masses {M n } n at the origin instead of a fixed mass M as in (1.1). Will the asymptotic behaviour of the zeros change? If it will, why?
The main goal of this paper is to give an answer to the previous questions and to be a first approach to the local asymptotic behaviour around the origin of the orthogonal polynomials with respect to inner products involving sequences of varying masses located at points of the real line. Moreover, we are interested in computing numerically the zeros of these varying orthogonal polynomials.
Therefore, the paper is structured as follows. In Section 2, we introduce the results about varying Laguerre-Krall polynomials that we use in Section 3 to prove our main result about the local asymptotics of these polynomials around the origin and its consequences on the corresponding zeros. We deduce similar results for the varying generalized Hermite polynomials as an immediate consequence of the results for the Laguerre case. Finally, we compute the zeros of the varying Laguerre-Krall orthogonal polynomials and illustrate the results obtained previously.
Varying Laguerre-Krall orthogonal polynomials
Let {M n } n be a sequence of nonnegative numbers such that
Then, we consider the varying inner products
We denote by {L
} n the sequence of orthogonal polynomials with respect to the inner products (2.2), and we call them varying Laguerre-Krall orthogonal polynomials. We normalize these polynomials by taking as leading coefficient
More precisely the polynomial L
Notice that for each M n , n ∈ N, we get a sequence of monic orthogonal polynomials with respect to the inner product (2.2). Thus, a square scheme appears, that is, {L
We focus our attention on the diagonal entries of such a scheme, i.e. on the sequence {L
are real, simple, and located in the open interval (0, +∞). In [7, Remark 10 ] the authors give a relation between the Laguerre-Krall orthogonal polynomials and the classical Laguerre ones for the case M n = M, for all n. In a very straightforward way we can extend that result for any sequence {M n } n satisfying (2.1).
. . be the orthogonal polynomials with respect to the inner product (2.2). Then,
If one does not want to repeat for the varying case the proof of this proposition given in [7] , then it is easy to check that the polynomial on the right-hand side of (2.3) is orthogonal to all lower-degree polynomials with respect to the inner product (2.2).
We can obtain the asymptotic behaviour of the coefficients a n and b n when n → ∞. 
Proof. It is enough to use in (2.4) the relation (see, e.g., [1] )
and the assumption (2.1).
Local asymptotic formula and its consequences on the zeros
We obtain the local asymptotics around the origin through the Mehler-Heine type formula. Thus, we get for varying Laguerre-Krall orthogonal polynomials the following Mehler-Heine type formula.
uniformly on compact subsets of C.
Proof. We use the well-known Mehler-Heine formula for the classical Laguerre polynomials (see [11, p. 193] ). Indeed, this result states, for j ∈ Z fixed,
uniformly on compact subsets of C. Then, scaling the variable x in (2.3) we obtain
Now, applying Lemma 2.2 and (3.1) we get the result.
Remark 3.2. It is important to highlight the differences with respect to the particular case M n = M, for all n, considered in the previous literature. As we have commented in the introduction, in this constant case we have
Now, we have three possible cases which are related to the size of the sequence of masses {M n } n .
• When the size of the sequences of masses {M n } n is small enough (β > α + 1), then the Mehler-Heine asymptotic formula for varying LaguerreKrall orthogonal polynomials is the same as the one for Laguerre orthogonal polynomials. Thus, the discrete part of the measure does not influence the asymptotics. • When the size of the sequences of masses {M n } n is large enough (β < α + 1), then the Mehler-Heine asymptotic formula for varying Laguerre-Krall orthogonal polynomials is the same as the one obtained for the constant case. For example, if α = −0.5, the Mehler-Heine type formula is the same for the sequences with n-th
, or M n = 5, or M n = 3n 1000 .
• The third case corresponds to β = α + 1. We call it the transition case because we have a smooth change between the two previous cases. If we take appropriate limits in the expression
, we obtain g 0 (x) when M → 0, and −g 1 (x) when M → +∞, that is, the results obtained in the other two cases. We illustrate this remark with Figure 1 . In conclusion, the asymptotic behaviour of the sequence of masses {M n } n has its influence on this type of asymptotics. On the other hand, we claim that MehlerHeine asymptotics is the type of asymptotics that deserves to be studied because it describes in a precise way the behaviour of the polynomials around the point where we have introduced the perturbation. Now we can apply the Hurwitz Theorem (see, e.g., [11] ) and get the following corollary. Taking into account the same values considered in the above numerical experiments, except for Figure 3 , where we put M = 500, we now illustrate Theorem 3.1 with four plots (Figures 2-5) . In each one, we plot the scaled polynomials of degree 10 and 50 as well as the corresponding limit function according to Theorem 3.1. In all the figures, the dashed line, the thin continuous line, and the thick continuous line correspond respectively to the scaled varying Laguerre-Krall orthogonal polynomial of degree 10, of degree 50, and the limit function in Theorem 3.1. Figures 3  and 4 show how the transition case β = α + 1 is a continuous transition between the cases β < α + 1 and β > α + 1 as we mentioned in Remark 3.2. 
